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Abstrat
The topologial string partition funtion for the neighbourhood of three spheres
meeting at one point in a Calabi-Yau threefold, the so-alled 'losed topologial ver-
tex', is shown to be reprodued by a simple Calabi-Yau rystal model whih ounts
plane partitions inside a ube of nite size. The model is derived from the topologial
vertex formalism. This derivation an be understood as 'moving o the strip' in the
terminology of hep-th/0410174, and oers a possibility to simplify topologial vertex
tehniques to a broader lass of Calabi-Yau geometries. To support this laim a op
transition of the losed topologial vertex is onsidered and the partition funtion of
the resulting geometry is omputed in agreement with general expetations.
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1 Introdution
Topologial string amplitudes an be presented in a variety of ways depending on
their interpretation and the physial piture one is interested in. Their basi denition
in terms of Gromov-Witten invariants relates to the worldsheet desription and has
been given preise mathematial foundations [1℄. The other reformulations are based
on onjetural physial dualities and refer to a target spae point of view. M-theory
interpretation reveals their integrality properties enoded in the Gopakumar-Vafa in-
variants related to the ounting of BPS states [2℄. A onnetion to Chern-Simons
theory - whose solution is well known - via the open-losed duality [3, 4℄ allows to on-
strut the topologial vertex [5, 6, 7℄ from whih solutions of losed topologial strings
on arbitrary tori Calabi-Yau manifolds an be built. Yet another line of develop-
ment relates topologial amplitudes to the Donaldson-Thomas invariants, Calabi-Yau
rystals and their quantum foam interpretation [10, 11, 12, 13, 14, 15, 16℄.
The objet we fous on in this note is the so-alled losed topologial vertex C
 a loal Calabi-Yau neighbourhood of three P1's meeting in one point. This is an
example of a nontrivial but exatly solvable geometry, for whih the above mentioned
pitures an be given expliitly and some of them are already known [19, 20℄. The
main ontribution we provide is a rystal model for the losed topologial vertex, whih
extends the lass of known Calabi-Yau rystals. This new model naturally reprodues
the Gopakumar-Vafa invariants, whih is a general property observed before. We prove
that the model introdued indeed orresponds to the losed topologial vertex C by
relating it expliitly to the topologial vertex omputations.
Apparently, C belongs to the lass of 'o-strip' geometries, whose dual tori dia-
grams annot be presented as a triangulation of a retangle. On the other hand, the
topologial vertex alulations for a speial lass of geometries whih an be presented
on a strip have been vastly simplied in [8℄. Thus the method we use oers a possi-
bility of simplifying those rules for a broader lass of geometries. We provide another
example of an 'o-strip' geometry by onsidering a op transition of C. The partition
funtion for the resulting geometry Cflop an also be omputed in a way parallel to the
omputation for C before the op, and it is possible to determine both Gopakumar-Vafa
invariants and lassial ontributions for Cflop in terms of those for C.
The plan of the paper is as follows. In setion 2 the geometry of the losed topo-
logial vertex is introdued, and its topologial string partition funtion is presented
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and disussed from various points of view. Setion 3 starts with a brief presentation
of the known Calabi-Yau rystal models whih is followed by an introdution of a new
model. The properties of this new model are disussed, and the onnetion with the
losed topologial vertex is explained. In setion 4 the model is expliitly related to the
topologial vertex alulation and its solution as an 'o-strip' geometry is presented; a
possibility of generalization to other 'o-strip' geometries is aompanied by a areful
analysis of a op transition of C. Setion 5 ontains the disussion of the results and
diretions for further studies. The relevant notation and the properties of Shur fun-
tions we need are assembled in appendix A. Finally appendix B summarizes the rules
for omputations on a strip.
2 The losed topologial vertex geometry
The losed topologial vertex C is a tori Calabi-Yau threefold, onsisting of three
P1's meeting in one point, with loal neighbourhood of eah sphere being isomorphi
to a sum of line bundles O(−1)⊕O(−1). This geometry has been disussed in [19, 20℄,
and an be understood as a partiular resolution of C3/Z2×Z2 singularity [21, 22℄. It is
onvenient to introdue quantities Qi = e
−ti
related to Kähler parameters ti, i = 1, 2, 3
whih orrespond to sizes of the spheres. The tori diagram of the losed topologial
vertex is shown in gure 1.
Figure 1: The losed topologial vertex C.
The main objet of onsiderations below is the partition funtion of C. There is a
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variety of ways how to ompute or present topologial string partition funtions, and
in the ase of the losed topologial vertex it is not diult to make them expliit.
Some of these results are already done in literature, so rst we briey quote them to
set later omputations in a proper ontext.
Let us reall the A-model topologial string partition funtion for arbitrary Calabi-
Yau manifold X is of the form
ZXtop = e
FXtop = M(q)χ(X)eF
X
class
+FX , (1)
FXclass =
∑ 1
6g2s
aijk titjtk +
∑ 1
24
biti, (2)
FX =
∑
g≥0
∑
β 6=0
g2g−2s N
g
β Q
β, (3)
with the notation as follows. M(q) is MMahon funtion given in (9) with q = e−gs, and
χ(X) is Euler harateristi of X . Qi = e
−ti
are related to Kähler parameters of the
manifold ti. The free energy F
X
top is a sum of F
X
class with polynomial dependene on ti
(in partiular with genus zero ubi terms enoding lassial intersetion numbers aijk
and genus one terms related to c2(X)) and ontributions from worldsheet instantons
FX . The latter are enoded in terms of Gromov-Witten invariants Ngβ , whih roughly
ount maps from a genus g Riemann surfae into a urve in a Calabi-Yau manifold of
a ertain lass β = (di) ∈ H2(X,Z), and Q
β =
∏
Qdii . In most of what follows we
restrit our attention to instanton ontributions ZX = expFX as they arise naturally
in rystal models.
For the losed topologial vertex β = (d1, d2, d3), with degree di orresponding to
the i'th sphere, and (3) reads
F C =
∑
g≥0
∑
d1,d2,d3
g2g−2s N
g
d1,d2,d3
Qd11 Q
d2
2 Q
d3
3 .
These loal Gromov-Witten invariants (loal for C being nonompat) an be rigorously
derived via the Cremona transform by identiation with known invariants of a relevant
blow-up of a projetive spae. This approah was originally introdued in this ontext
in [18℄, and applied to the losed topologial vertex in [19℄ with the result
Ngd,0,0 = N
g
0,d,0 = N
g
0,0,d = N
g
d,d,d = −N
g
d,d,0 = −N
g
d,0,d = −N
g
0,d,d =
= d2g−3
|B2g|
2g (2g − 2)!
, for d 6= 0, (4)
and all other Ngd1,d2,d3 vanishing. Apparently, N
g
d,0,0 = N
g
d is equal to the invariant N
g
d
for a super-rigid P
1
(i.e. resolved onifold) derived in [17℄.
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The struture of the topologial string partition funtion is onjeturally enoded
in integer Gopakumar-Vafa invariants [2℄ ngβ, so that (3) takes the form
FX =
∑
g≥0
∑
β=(βi)
∑
n≥1
ngβ
−Qnβ
n [n]2−2g
with [n] = qn/2 − q−n/2. This nie integrality property is balaned by the fat that
there is no general reipe to ompute them, whih is not unrelated to diulties in
their formal mathematial denition. It is instrutive to onsider rst the resolved
onifold geometry with a single Kähler parameter Q = e−t orresponding to the size of
P1. In this ase there is only one non-trivial Gopakumar-Vafa invariant n01 = 1 whih
enodes the information of all Gromov-Witten invariants Ngd = N
g
d,0,0 given in (4), and
the free energy an be rewritten as
F conifold = −
∑
g≥0
g2g−2s
|B2g|
2g (2g − 2)!
Li3−2g(Q) =
∑
n≥1
−Qn
n[n]2
, (5)
where in genus expansion a polylogarithm arises Lik(Q) =
∑
n≥1
Qn
nk
.
The struture of the losed topologial vertex partition funtion is similar to
F conifold, in a sense that there is also only a nite number of non-vanishing Gopakumar-
Vafa invariants
n01,0,0 = n
0
0,1,0 = n
0
0,0,1 = −n
0
1,1,0 = −n
0
1,0,1 = −n
0
0,1,1 = n
0
1,1,1 = 1
and they orrespond respetively to single spheres, eah possible pair of them and the
entire triple. Thus the instanton part of the partition funtion for C an be written as
ZC = exp
∑
n>0
−Qn1 −Q
n
2 −Q
n
3 +Q
n
1Q
n
2 +Q
n
1Q
n
3 +Q
n
2Q
n
3 −Q
n
1Q
n
2Q
n
3
n[n]2
. (6)
Of ourse this result is onsistent with (4). This an also be written as a produt
formula, as desribed in general in [23℄. In fat, it turns out that the rystal model we
introdue in the next setion naturally omputes the result in the form related both to
the above Gopakumar-Vafa expansion and a produt formula, whih is a fat already
stressed in [16℄.
There is a very eetive way to ompute topologial string quantities for tori
threefolds in terms of the topologial vertex formalism [5, 6℄. This is based on a
onjetural geometri transition to open topologial strings and their relation to Chern-
Simons theory [4℄. There is also an aompanying mathematial formulation [7℄. ZC
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has been omputed in these 'physial' and 'mathematial' formalisms in [20℄, and shown
to agree with (6). In setion 4 we will also ompute ZC using 'physial' topologial
vertex, but in a way whih is simpler and faster than it is done in [20℄. In fat the main
motivation behind the alulation we present is it makes an immediate onnetion with
the rystal model whih we present next. And then - last but not least - the method
presented here suggests how to generalize formalism of [8℄ to 'o-strip' geometries.
So far we foused only on the instanton ontributions F C whih have already been
derived in literature. The lassial part F Cclass will be disussed in setion 4.3 together
with the analysis of the op transition.
3 Crystal models
3.1 The idea
The notion of Calabi-Yau rystals appeared rst in [10℄. It was based on the
observation that the topologial string partition funtion for C3 is equal to a generating
funtion Z for a lassial system whih onsists of 3-dimensional partitions whih an
ll a positive otant of R3. Allowed 3-dimensional ongurations of partitions are
weighted by a number of boxes they are built of,
Z =
∑
pi−3d partition
q|pi|. (7)
This partition funtion an be omputed in a simple way in a transfer matrix formalism,
arefully presented in [10℄. Essentially, it amounts to sliing the R3 otant by x = y
planes. Then eah 3-dimensional partition turns into a sequene of 2-dimensional
partitions, the neighbouring ones neessarily satisfying an interlaing relation ≻ whih
is a onsequene of the allowed 3-dimensional ongurations. One an enode eah
2-dimensional partition as a state of a Fermi sea |µ〉 in a standard way, and then use
the operators
Γ±(z) = exp
∑
n>0
z±n
n
α±n (8)
satisfying Γ−(1)|µ〉 =
∑
ν≻µ |ν〉 to ompute
ZC
3
(q) = 〈0|
∏
n>0
Γ+(q
n−1/2)
∏
m>0
Γ−(q
−(m−1/2))|0〉 =
= M(q) =
∞∏
n=1
1
(1− qn)n
= exp
∑
n>0
1
n[n]2
, (9)
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where M(q) is MMahon funtion. The omputation is straightforward and amounts
to using ommutation relations
Γ+(z)Γ−(z
′) =
1
1− z/z′
Γ−(z
′)Γ+(z). (10)
The appearane of suh a statistial model in onnetion with topologial strings
has found two explanations. On one hand it was interpreted as gravitational quantum
foam [11℄ and expressed in terms of 6-dimensional gauge theory. On the other, it was
shown in [15℄ that the Chern-Simons partition funtion on S3 for U(N) gauge group
an be essentially rewritten in terms of a rystal model, and then the relation to losed
topologial strings arises from 't Hooft duality. The result (9) arises as N →∞ limit
of the model in [15℄, whih is valid for arbitrary N . For any nite N the neessary
ondition is to ount only these 3-dimensional diagrams whih have at most N boxes
in one diretion (and no restrition in two other diretions). In other words, we ut-
o the positive otant where 3-dimensional partitions were onsidered by a 'wall' at
position x = N . In the transfer matrix formalism, the introdution of suh a wall is
possible in two ways; in terminology of [15℄ either by onsidering losed-string sliing
or open-string sliing. The former is obtained by inserting only N operators in one
diretion in the expression (9); the letter amounts to inserting a projetor operator
1dt≤N between the sequene of Γ+ and Γ− operators
ZP
1
= 〈0|
∏
n>0
Γ+(q
n−1/2)
N∏
m=1
Γ−(q
−(m−1/2))|0〉 =
= 〈0|
∏
n>0
Γ+(q
n−1/2) 1dt≤N
∏
m>0
Γ−(q
−(m−1/2))|0〉 =
= M(q) exp
∑
n>0
−Qn
n[n]2
, (11)
where Q = qN . The nal result is the losed string partition funtion for the resolved
onifold ZP
1
, as it should. The operator 1dt≤N an be written in terms of some oherent
states and integration over U(N), but as we don't need its expliit form we refer the
interested reader to [15℄.
We should stress that this is the rst line of (11) whih an be expliitly evaluated
due to (10) relations. It has an obvious generalization, whih amounts to inserting -
nite numbers N1, N2 of both Γ± operators, and orresponds to 3-dimensional partitions
restrited to the 'well' of retangular size N1 ×N2 and innite hight. Expliit ompu-
tation in [16℄ using topologial vertex formalism shows a generating funtion for suh a
7
lassial system is equal to a partition funtion for a tori threefold alled 'double-P1'
shown in gure 2, whih is a loal neighbourhood of two P1's meeting in a single point,
with Kähler parameters t1,2 determining P
1
's sizes given by Q1,2 = e
−t1,2 = qN1,2
Zdouble−P
1
= 〈0|
N2∏
n=1
Γ+(q
n−1/2)
N1∏
m=1
Γ−(q
−(m−1/2))|0〉 =
= M(q) exp
∑
n>0
−Qn1 −Q
n
2 +Q
n
1Q
n
2
n[n]2
. (12)
This an also be immediately obtained from (39) with α = •, in whih ase the produts
over k in (38) are trivial and we are left with the same exponential fators as above.
We now wish to pursue this argument further.
Figure 2: Tori diagram (left) and its dual (right) for the double-P1.
3.2 The ube model
The model we wish to introdue is a natural ontinuation of the above presentation.
We onsider all 3-dimensional partitions whih t into a nite ube of size M ×L×N ,
and ask what is the orresponding generating funtion Zcube, given by (7) with the
present restrition on pi. Let us remark there is only a nite number of terms in
Zcube = 1+ . . .+ qLMN , the last one orresponding to the highest power of q. In other
words, we introdue three 'walls' at positions x = M , y = L, z = N , as illustrated in
gure 3.
In this ase the partition funtion an also be written in the transfer matrix for-
malism, with two walls represented by nite number of Γ± and the third wall by the
8
Figure 3: The ube rystal model of nite size M × L×N .
projetion ZP
1
Zcube = 〈0|
L∏
n=1
Γ+(q
n−1/2) 1dt≤N
M∏
m=1
Γ−(q
−(m−1/2))|0〉. (13)
Our laim is this generating funtion is equal to the losed topologial vertex par-
tition funtion (6) up to the MMahon funtion
Zcube = M(q)ZC, (14)
with identiation of parameters
Q1 = q
M , Q2 = q
L, Q3 = q
N . (15)
The expliit evaluation of the orrelator (13) is nontrivial, due to a ompliated
form of the projetor 1dt≤N. Fortunately, the generating funtion for plane partitions
in a nite box has been well known sine originally derived by ombinatorial methods
by MMahon [25℄; another ombinatorial proof is presented in [24℄. Thus we an just
use this result, whih reads:
Zcube = Z1Z2 =
∏
(i,j)∈ML
1− qN+i+j−1
1− qh(i,j)
, (16)
9
where for later onveniene we introdue two fators
Z1 =
∏
(i,j)∈ML
1
1− qh(i,j)
,
Z2 =
∏
(i,j)∈ML
(1− qN+i+j−1),
and ML denotes 2-dimensional partition with L rows of the same length M , whih is
a base of the ube, and h(i, j) is the hook-length of its (i, j) element (30). Using the
elementary series
log(1− a) = −
∑
k>0
ak
k
to rewrite produts as exponentials we arrive at the following form of the above fators
Z1 = exp
∑
n>0
1−Qn1 −Q
n
2 +Q
n
1Q
n
2
n[n]2
, (17)
Z2 = exp
∑
n>0
−Qn3 +Q
n
1Q
n
3 +Q
n
2Q
n
3 −Q
n
1Q
n
2Q
n
3
n[n]2
. (18)
Remarkably, the produt (16) of the above two fators indeed reprodues the losed
topologial vertex partition funtion (6) up to the MMahon funtion, as laimed in
(14). In the next setion we derive this result from the topologial vertex point of view,
in a way whih makes relation to the rystal result (16) expliit.
4 Topologial vertex and 'o-strip' geometries
4.1 Derivation
Now we derive the result (6) from the topologial vertex formalism, in a way whih
gives this result in the form expliitly related to (16). In omputation we use on-
ventions and various identities given in appendix A, as well as a variety of well-known
properties of Shur funtions, assembled e.g. in appendies in referene [16℄. In fat the
result an be obtained muh faster, if ertain sums in the amplitude are automatially
performed using additional mahinery of [8℄, whih we also review in appendix B. It
turns out the derivation presented below an be understood as an extension of that
mahinery to a more general situation. Nonetheless, for ompleteness we rst derive
the losed topologial vertex partition funtion from rst priniples.
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The basi topologial vertex amplitude is
CR1R2R3 = q
1
2
(κR2+κR3)sRt2(q
ρ)
∑
P
sR1/P (q
Rt2+ρ)sRt3/P (q
R2+ρ). (19)
It will turn out onvenient to use yli symmetry to write the amplitude for the losed
topologial vertex from gure 1 as
ZC =
∑
R1,R2,R3
CR2R3R1CRt1••CRt2••CRt3••(−Q1)
|R1|(−Q2)
|R2|(−Q3)
|R3|
sR1(−Q1q
ρ)sRt2(−Q2q
ρ)sR3(−Q3q
ρ) =
=
∑
R1,R2,R3,P
[
sP (−Q1q
ρ)sP (−Q2q
ρ)
][
sR3(q
ρ)sRt3(−Q3q
ρ)
]
[
sR2(q
Rt3+ρ)sRt2(−Q2q
ρ)
][
sRt1(q
R3+ρ)sR1(−Q1q
ρ)
]
.
This an be rewritten using (35) in the form
ZC = exp
[∑
n
−Qk1 −Q
k
2 +Q
k
1Q
k
2
n[n]2
]
×
×
∑
R3
sR3(q
ρ)sRt3(q
ρ)(−Q3)
|R3|
∏
k
(1−Q1q
k)Ck(R3)(1−Q2q
k)Ck(R
t
3). (20)
The exponent fator whih arises above is equal to Z1 (17), whih is double-P
1
partition
funtion (up to the MMahon funtion). Thus we have to show the sum over R3 above
reprodues Z2 (18). We use (32) to rewrite (20) as
ZC =
Z1
M(q)
∑
R3
(−Q3)
|R3|XR3YR3 , (21)
where
XR3 = sRt3(q
ρ)
∏
k
(1−Q1q
k)Ck(R3) =
= (−1)|R3|q|R3|/2+n(R3)
∏
(i,j)∈R3
1− qM+j−i
1− qh(i,j)
(22)
and similarly
YR3 = (−1)
|R3|q|R
t
3|/2+n(R
t
3)
∏
(i,j)∈Rt3
1− qL+j−i
1− qh(i,j)
where we used identiation (15).
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Finally, the ruial step is to rewrite XR3 and YR3 using the identity (31) for a
Shur funtion with nite number of variables
ZC =
Z1
M(q)
∑
R3
(−qQ3)
|R3|sR3(1, q, q
2, . . . , qM−1)sRt3(1, q, q
2, . . . , qL−1)
=
Z1
M(q)
∏
i=1,...L; j=1,...,M
(1−Q3q
j+i−1) =
Z1Z2
M(q)
(23)
where the sum of Shur funtions (33) was used in the last line. Beause Z1Z2 = Z
cube
,
we indeed obtain (14)
Zcube = M(q)ZC.
In the above derivation the same fators as in the rystal model arise, i.e. Z1
assoiated with double-P1 partition funtion and Z2 'implementing' the third P
1
. In
this form it also beomes a trivial observation that in N →∞ limit the proper result
for double-P1 is reovered (12).
Let us also remark on MMahon M(q) fators. It is known the topologial vertex
omputations do not produe this ontribution, so to obtain the full topologial string
partition funtion (1) one should introdue one fator of M(q) for eah topologial
vertex CPQR used in the vertex omputation of the amplitude [11℄. On the other hand,
in our rystal model just a single fator of M(q) arises as the plane partitions it ounts
are anhored in one partiular orner of the ube. This is why there is one fator of
M(q) in (14).
4.2 Moving o the strip
It is interesting to relate this result to the formalism developed in [8℄ whih allows
to perform omputations for tori geometries whose dual diagrams are given by a
triangulation of a retangle (or a 'strip' - hene the terminology). We briey review
this mahinery in appendix B. A simple example of a geometry of this type is the
double-P1 from gure 2, whose dual diagram is undoubtedly a triangulation of a strip.
Let us notie that the tori diagram for the losed topologial vertex an be un-
derstood as a double-P1 with one additional sphere attahed. This is shown in gure
4, with double-P1 given by spheres Q1 −Q2 and the additional sphere denoted by Q3.
Even though the full diagram for the losed topologial vertex annot be drawn on a
strip, a diagram for the double-P1 part an as presented above. Thus the partition
12
funtion ZC an be written as
ZC =
∑
α
sαt(q
ρ)(−Q3)
|α|Zα,
where Zα is the fator for a double-P
1
with one nontrivial representation, and is derived
in appendix (39)
Zα = sα {•α}Q1[••]Q1Q2{α
t•}Q2 =
=
Z1
M(q)
sα(q
ρ)
∏
k
(1−Q1q
k)Ck(α)(1−Q2q
k)Ck(α
t), (24)
whih altogether reprodues (20), and now the alulation ontinues as above and
reprodues (23).
So, in this way we managed to 'move o the strip', whih tehnially boils down
to performing a sum of Shur funtions with nite number of arguments (23). It thus
seems likely this result might be generalized to a broader lass of non-strip-like Calabi-
Yau manifolds, and is interesting to pursue further. Below we onsider an example of
another 'o-strip' geometry related by a op to the losed vertex, for whih a partition
funtion an also be derived using these methods.
Figure 4: The losed topologial vertex as a strip with an additional P1 (of the size
determined by Q3) attahed.
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4.3 Flop transition
The losed topologial vertex onsists of three P
1
's with loal bundles isomorphi
to the resolved onifold. As is well known, suh a bundle may undergo a op tran-
sition. For the resolved onifold with Kähler parameter t and Q = e−t, a op may
be understood as a ontinuation to negative values of t. The partition funtion is in-
variant under this proess and this should be seen order by order in genus expansion.
To get a partition funtion of the opped geometry, after the analyti ontinuation to
negative t one should expand the result again in positive powers of Q. For the resolved
onifold the geometry before and after the transition is the same, whih allows to x
the polynomial dependene of the free energy on t [3℄. In the ase of the losed topo-
logial vertex the geometries before and after the op are dierent, but it is possible to
determine lassial ontribution to the free energy of Cflop in terms of those of C as we
disuss below. Moreover, the invariane of the partition funtion under the op implies
in partiular the Gopakumar-Vafa invariants should not hange during the transition,
providing the parameters on both sides of the transition are mathed appropriately;
suh a behaviour indeed follows in general from the topologial vertex rules as shown in
[9℄, and the alulation below proves the onsisteny of our method with these results.
Let us fous on the losed topologial vertex geometry, and the transition under
whih the onifold assoiated to Q2 is opped. We all the ensuing geometry C
flop
.
The transition is presented in gure 5, and it is best understood in terms of a dual
graph  it is then represented by a tilt of a diagonal of a square orresponding to the
onifold. The losed vertex on the left onsists of three spheres meeting in one point,
and after the op it is replaed by a string of P1's with two meeting points, and with
a proper arrangement of bundles, as on the right side of the gure. We denote the
parameters of the opped geometry by P1, P2, P3, and also express them in units of gs
as
P1 = q
Mf = e−s1 , P2 = q
Lf = e−s2 , P3 = q
Nf = e−s3. (25)
How should the partition funtion for the opped losed vertex look like after the
transition? As mentioned above, it should be related to (6) by a suitable identiation
of target spae parameters. The geometry of the bundles in gure 5 suggests the
14
Figure 5: The losed topologial vertex C with its dual diagram (left) and the geometry
after the op Cflop (right).
following relations
Q1Q2 = P1,
Q2 =
1
P2
, (26)
Q2Q3 = P3,
from whih it follows that Q1 = P1P2, Q3 = P2P3, Q1Q2Q3 = P1P2P3, Q1Q3 =
P1P
2
2P3. Substituting these into (6) the only terms with negative powers we obtain are
P−n2 . Upon analyti ontinuation these should turn into P
n
2 together with appropriate
hange in the lassial part of the free energy, as is the ase for the onifold. Thus we
expet the following instanton ontribution to the partition funtion of Cflop
ZC
flop
= exp
∑
n>0
−P n1 P
n
2 − P
n
2 − P
n
2 P
n
3 + P
n
1 + P
n
1 P
2n
2 P
n
3 + P
n
3 − P
n
1 P
n
2 P
n
3
n[n]2
, (27)
We rst show by expliit alulation this is the orret result, and afterwords analyze
lassial ontributions.
To prove that (27) is indeed orret we again use topologial vertex rules. Similarly
as for the losed vertex, we onsider the opped geometry as a strip with an additional
P1 attahed
ZC
flop
=
∑
α
sαt(q
ρ)(−P3)
|α|Zflopα
[
(−1)|α|q−κα/2
]
,
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the fators in square brakets originating from a nontrivial framing of the additional
sphere. This is presented in gure 6, with Zflopα orresponding to the amplitude on the
strip orresponding to a string of spheres P2 − P1
Zflopα = sα {α•}P2{α•}P1P2[••]P1 =
= e
∑
n
−Pn2 −P
n
1 P
n
2 +P
n
1
n[n]2 sα(q
ρ)
∏
k
(1− P2q
k)Ck(α)(1− P1P2q
k)Ck(α),
where we again used rules from the appendix B (now we read verties from left to right,
and they are of the types Aα−B−B). Now we use (32) to write the full amplitude as
ZC
flop
= e
∑
n
−Pn2 −P
n
1 P
n
2 +P
n
1
n[n]2
∑
α
(qP3)
|α|q2n(α)
∏
(i,j)∈α
1− P2 q
j−i
1− qh(i,j)
1− P1P2 q
j−i
1− qh(i,j)
.
Finally, after identiation (25), using equality (31) and summing over α we get
ZC
flop
= e
∑
n
−Pn2 −P
n
1 P
n
2 +P
n
1
n[n]2 e
∑
n
Pn3 −P
n
2 P
n
3 −P
n
1 P
n
2 P
n
3 +P
n
1 P
2n
2 P
n
3
n[n]2 ,
whih is indeed the same as the expeted result (27) and onsistent with [9℄.
Figure 6: The opped losed topologial vertex Cflop as a strip with attahed P1 of the
size determined by P3.
Let us nally turn to the issue of polynomial ontributions. As mentioned above,
those for Cflop and C are related to eah other due to the invariane of the full partition
funtion. We will show this relation is onsistent with the values of ubi intersetion
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numbers. These intersetion numbers an be derived from the desription of homology
lasses given in [22℄, where both geometries are disussed as dierent resolutions of
C3/Z2 × Z2 orbifold: the losed topologial vertex is a symmetri resolution, and its
op an asymmetri resolution. The homology struture is in fat enoded in the dual
diagram, with verties orresponding to divisors and internal intervals to ompat
urves (eah one arising as an intersetion of two divisors at the end of the interval),
as shown in gure 7. There are three divisors Di, i = 1, 2, 3, in the singular orbifold,
and additional three: Eij in its symmetri resolution, or E
f
ij in asymmetri resolution,
for i 6= j. The ompat urves are the familiar by now three P1's: Ci with sizes given
by ti for the losed vertex geometry and C
f
i with sizes si for its op. For ompletness,
let us reall the intersetion numbers derived in [22℄. For the losed topologial vertex
these are
D1 D2 D3 E23 E13 E12
C1 = E12 ∩ E13 1 0 0 1 −1 −1
C2 = E12 ∩ E23 0 1 0 −1 1 −1
C3 = E13 ∩ E23 0 0 1 −1 −1 1
whereas for its op
D1 D2 D3 E
f
23 E
f
13 E
f
12
Cf1 = E
f
12 ∩ E
f
13 1 1 0 0 0 −2
Cf2 = E
f
12 ∩ E
f
23 0 −1 0 1 −1 1
Cf3 = E
f
13 ∩ E
f
23 0 1 1 −2 0 0
From these intersetion numbers we an dedue the form of genus zero prepotentials
F0 in terms of sizes of P
1
's. In general
F0 =
1
6
J3,
with J the Poinare dual to the Kähler form. For the losed vertex geometry C it an
be parametrized by ei as
JC = e1E12 + e2E13 + e3E23,
so that the sizes of P1's are given by
t1 = J
C ∩ C1 = −e1 − e2 + e3,
t2 = J
C ∩ C2 = −e1 + e2 − e3,
t3 = J
C ∩ C3 = e1 − e2 − e3.
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Figure 7: Two geometries C and Cflop as a symmetri (left) and asymmetri (right)
resolution of C3/Z2 × Z2.
Expressing ei in terms of ti and ombining with genus one ontributions (whih depend
on a single parameter b due to symmetry in the geometry), the lassial free energy
(2) for the losed topologial vertex reads
F Cclass =
(t31 + t32 + t33
6g2s
+
t21t2 + t1t
2
2 + t
2
1t3 + t3t
2
1 + t
2
2t3 + t3t
2
2
4g2s
+
t1t2t3
2g2s
)
+
b
24
(t1+ t2+ t3).
(28)
Similarly, for the opped geometry the Kähler form has the Poinare dual
JC
flop
= ef1E
f
12 + e
f
2E
f
13 + e
f
3E
f
23,
and the sizes of P
1
's are
s1 = J
Cflop ∩ Cf1 = −2e
f
1 ,
s2 = J
Cflop ∩ Cf2 = e
f
1 − e
f
2 + e
f
3 ,
s3 = J
Cflop ∩ Cf3 = −2e
f
3 .
Inluding genus one ontributions (for symmetry reasons now depending on two pa-
rameters c, d), we get lassial free energy
F C
flop
class =
(s31 + 2s32 + s33
6g2s
+
2s21s2 + 2s1s
2
2 + s
2
1s3 + s3s
2
1 + 2s
2
2s3 + 2s3s
2
2
4g2s
+
s1s2s3
2g2s
)
+
+
c(s1 + s3) + ds2
24
=
t31 + t
3
3
6g2s
+
t21t2 + t1t
2
2 + t
2
1t3 + t3t
2
1 + t
2
2t3 + t3t
2
2
4g2s
+
t1t2t3
2g2s
+
+
c(t1 + t3) + t2(2c− d)
24
, (29)
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where we used the identiation (26) whih equivalently reads s1 = t1 + t2, s2 =
−t2, s3 = t3 + t2. Finally these lassial terms an be ombined with quantum ones
F C = logZC and F C
flop
= logZC
flop
given in (6) and (27). Indeed, the full partition
funtion is now expliitly seen to be invariant under the op
F Cclass(t1, t2, t3) + F
C(t1, t2, t3) = F
Cflop
class (s1, s2, s3) + F
Cflop(s1, s2, s3),
under the identiation between ti and si (26), and providing c = d = b. There are two
important remarks to be made. Firstly, quantum genus zero ontributions for Cflop,
given by trilogarithm (5), are ontinued to negative t2 using Li3e
t2 − Li3e
−t2 ∼ t32/6
(where we keep only a ubi term, the other being ambiguous for topologial string).
This ontinuation is preisely the origin of the well known shift in lassial intersetion
numbers under the op (in our ase this is seen expliitly in expressions (28) and (29)).
Seondly, the ondition c = d = b whih must be enfored is just a statement that the
genus one lassial part after the op is entirely determined by the geometry before
the op.
5 Disussion
In this paper a lass of Calabi-Yau rystals has been widened to inlude a model
whih orresponds to a geometry of the losed topologial vertex C. The model is an
extension - or rather a trunation - of other known rystal models to a nite ube. The
model has been expliitly derived from topologial string omputations. In parallel the
orresponding geometry C and its op transition have been disussed, and Gopakumar-
Vafa invariants and lassial ontributions to the free energy for Cflop determined.
These onsiderations suggest two obvious diretions for further studies. Firstly, one
might generalize the rystal interpretation of topologial strings nding ongurations
relevant for arbitrary tori geometries. In partiular there is a lass of geometries on-
sidered in [20℄, whih are an extension of the losed topologial vertex by strings of
spheres attahed to any of its onstituent P1's. It requires essentially a new idea possi-
bly related to gluing of nite rystals disussed here. One might also onsider D-brane
ongurations, both within the losed topologial vertex and in general geometries. It
would be interesting to nd their statistial and geometrial interpretation in the spirit
of [13℄ and [14℄.
The other task would be to simplify topologial vertex rules for a wide lass of
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geometries. These rules have already been simplied for geometries whose dual tori
diagram is a triangulation of a strip [8℄. As we disussed our results an be under-
stood as 'o-strip' alulations, and they require using some speial identities for Shur
funtions. It would be desirable to generalize these methods in a oherent fashion, in
a way whih would allow to turn arbitrary topologial vertex expressions to a losed
form with various sums automatially performed. Similarly, it would be interesting to
inlude D-branes into suh a general framework.
It is likely that these two lines of development might parallel eah other. Apart
from alulational advantages, one partiular goal of suh a program would be to nd
a proper formulation of the Gopakumar-Vafa invariants, at least in the ontext of tori
manifolds. The integral struture of topologial string amplitudes is still a mystery.
Nonetheless, the struture of these amplitudes as obtained from rystal models is on-
sistent with the Gopakumar-Vafa expansion. On the other hand, rystal models are
known to be related to Donaldson-Thomas invariants whih do have strong mathemat-
ial foundations. If a sope of Calabi-Yau rystals were extended to arbitrary (tori)
geometries as suggested above, it would hopefully lead to a onsistent formulation of
the Gopakumar-Vafa invariants in terms of Donaldson-Thomas invariants.
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A Young diagrams and Shur funtions
Probably the best known soure on Shur funtions is [24℄. The issues relevant
to topologial string alulations have been presented in [16℄. In this appendix we
briey reall the notation we use (whih is the same as in [16℄), and present the most
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important properties we need, together with some new identities whih are ruial for
present alulations.
Young diagrams or partitions are denoted by letters P,R or Greek ones α et., and
t
means a transposition. For a partition R = (R1, R2, . . .) with lengths of rows given
by Ri, one denes
|R| =
∑
i
Ri,
n(R) =
∑
i
(i− 1)Ri,
κR = |R|+
∑
i
Ri(Ri − 2i) = 2
∑
(i,j)∈R
(j − i),
where (i, j) is a position of a ertain box in the diagram. For suh a single box, its
hook length is dened as
h(i, j) = Ri +R
t
j − i− j + 1. (30)
Shur funtion for a partition R is denoted as sR. By q
R+ρ
we understand a string
suh that xi = q
Ri−i+1/2
for i = 1, 2, . . .. Thus
sR(q
R+ρ) = sR(q
R1−1/2, qR2−3/2, . . .).
In partiular
sR(q
ρ) = sR(q
−1/2, q−3/2, . . .).
The following identity holds for Shur funtion with nite number of arguments
sR(1, q, q
2, . . . , qK−1) = qn(R)
∏
(i,j)∈R
1− qK+j−i
1− qh(i,j)
, (31)
and for K →∞ this redues to
sR(q
−ρ) = q|R|/2+n(R)
∏
(i,j)∈R
1
1− qh(i,j)
. (32)
A sum of Shur funtions an be written as follows
∑
P
sP (x)sP t(y) =
∏
i,j
(1 + xiyj) = (33)
= exp
[
−
∑
n,i,j
(−1)n
n
xni y
n
j
]
. (34)
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As notied in [8℄, with x = qR+ρ and y = qR
′+ρ
this allows to write the sum as
∑
P
sP (q
R+ρ)sP t(−Qq
R′+ρ) = exp
[
−
∑
n
Qn
n[n]2
] ∏
k
(1−Qqk)Ck(R,R
′), (35)
where oeients Ck(R,R
′) are given by
∑
i,j
qRi−i+1/2qR
′
j−j+1/2 =
∑
k
Ck(R,R
′)qk +
q
(1− q)2
. (36)
From this statement the following properties are more or less easily dedued
Ck(R,R
′) = Ck(R
′, R),∑
k
Ck(R,R
′)qk =
∑
k
Ck(R
t, R′t)q−k,
∑
Ck(R,R
′) = |R|+ |R′|,
∑
kCk(R,R
′) =
κR + κR′
2
.
(37)
In partiular, Ck(R) = Ck(R, •) ounts the number of boxes (i, j) ∈ R with xed
k = j − i, and so
∑
k Ck(R) = |R| and 2
∑
k kCk(R) = κR.
B Topologial vertex on a strip
There is a lass of tori Calabi-Yau geometries whose dual diagrams are represented
as a triangulation of a retangle (or a strip). Computation of their partition funtions
via topologial vertex methods has been vastly simplied in [8℄. As this simpliation
is quite onvenient for a part of the alulations we perform, we briey reall the rules
on the strip. We enourage a reader to onsult [8℄ for more through presentation and
proofs of these rules.
A diagram whih an be drawn on a strip is a string of P1's with parameters Qi,
eah represented by an interval between verties i and i + 1. For every suh interval
we introdue representations Ri whih we sum over aording to topologial vertex
rules. Additionally, with every external leg of eah vertex we an assoiate one xed
representation αi (for the rst vertex in a string there are two external legs, but one
of them must be assoiated with a trivial representation •; the same statement must
hold for the last vertex).
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The partition funtion for suh a system an be expressed in terms of the quantities
{αiαj}Qij = exp
[
−
∑
n
Qnij
n[n]2
]∏
k
(1−Qijq
k)Ck(αi,αj), (38)
[αiαj]Qij = {αiαj}
−1
Qij
,
aording to the following rules:
• determine the type of the rst (i = 1) vertex to be A or B if respetively its
topologial vertex fator is given by C•α1R1 or C•R1α1
• determine reursively the type A or B of all other verties: (j + 1)'th vertex is
of the same type as j'th if the loal bundle of the sphere Qj is O(−2)⊕O, and
of a dierent type if this bundle is O(−1)⊕O(−1)
• for eah pair of verties (i, j) in a diagram (with i < j) introdue a suitable fator
aording to their types (A/B,A/B):
(A,B) → {αiαj}Qij ,
(B,A) → {αtiα
t
j}Qij ,
(A,A) → [αiα
t
j]Qij ,
(B,B) → [αtiαj]Qij ,
where Qij = QiQi+1 · · ·Qj−1.
• the full amplitude, with external representations αi xed, is given by a produt
of all fators above together with Shur funtions for all external representations
Z∏ αi =
∏
i
sαi(q
ρ)
∏
i<j
[{α†iα
†
j}]Qij ,
with appropriate hoie of the pairing [{ }], and with or without transposition
† = t, ·.
For example, in gure 4 the strip-part onsists of two intervals Q1 and Q2. We
denote the right-most vertex by i = 1, the middle one with external representation α
by i = 2 and the left-most by i = 3. There is no external representation on the rst
vertex, so we are free to hoose its type to be e.g. A; then we reursively determine
types of all three verties to be A−Bα−A (for onveniene we expliitly write external
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representations assoiated with verties, if they are nontrivial). Then aording to the
rules above the amplitude reads
Zα = sα {•α}Q1[••]Q1Q2{α
t•}Q2. (39)
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